For most of the paper we shall assume: (1) Y admits a triangulation as a locally finite simplicial complex, such that each g ∈ G acts as a simplicial map. (2) The action of G on Y is proper and smooth, i.e., the stabilizer of each simplex is compact open. (3) The quotient space G\Y is compact.
A typical example is a reductive p-adic group acting on its affine Bruhat-Tits building. For the action of G on X, no assumption is made other than that X is a locally compact Hausdorff topological space, and the action of G on X is continuous. As usual, C 0 (X) is the abelian C * -algebra of all continuous, complex valued, vanishing-at-infinity functions on X, and KK * G (C 0 (Y ), C 0 (X)) is Kasparov equivariant bivariant K-theory. Granted conditions (1)-(3) we conjecture that there is a Chern character ch : KK This conjecture is proved for G profinite in §2- §4. In constructing the Chern character (for profinite G) a bivariant version of Segal localization [Seg] is used. §1 is devoted to defining H where Y runs over all G-invariant and G-compact (closed) subsets of Z.
is the subspace of G-fixed vectors in the cohomology with compact support of X. Moreover the quotient map q :X −→ G\X is a proper map between locally compact spaces and has compact and totally disconnected fibers. Hence a Leray spectral sequence argument shows that
The constant function with value 1 on G defines an idempotent in the Hecke algebra of G which induces a projector onto the G-invariant part on any smooth G-module and consequently on the G-equivariant sheaf q ! C. We obtain H * G,c (pt, X) = H * c (G\X, q ! C) G = H * c (G\X, (q ! C) G ) = H * c (G\X, C) .
Thus our construction coincides with the equivariant cohomology groups which were introduced, for a finite group G, in [BC] §1.
B. Let Y be an abstract simplicial complex of finite dimension d on which G acts simplicially in such a way that the stabilizer G σ of each simplex σ is a compact open subgroup. For convenience we assume that G acts "type-preserving" on Y meaning that G σ fixes the vertices of σ (this can always be achieved by passing to the barycentric subdivision) and we fix once and for all a G-invariant orientation of Y. Assume Y = |Y| to be the topological realization of Y. The G-action on Y then is proper. Let Y q denote the set of q-dimensional simplices of Y and, for any σ ∈ Y q , let σ • ⊆ Y be the corresponding "open" simplex. The preimage of σ • inŶ is, by our simplifying assumption, equal to G σ × σ • . Let i σ : G σ → G 0 and j σ : G σ × σ
• →Ŷ denote the inclusion maps. The filtration ofŶ by the preimages of the skeleta of Y gives rise to the spectral sequence
Since the map ϕ Y restricted to G σ × σ • simply is the projection onto the first factor G σ we have (by our fixing of an orientation)
Hence the spectral sequence degenerates. This reasoning actually shows (compare [KS] Ex. II.21) that Rϕ Y ! C is naturally quasi-isomorphic to the complex
the differentials of which are induced in the obvious way by the simplicial coboundary for Y (Y is locally finite!). Let G\Y q denote a set of representatives for the G-orbits in Y q . We then have
where c-Ind
is the functor of compact induction in [Sch] §3. From [Sch] 3.2 we obtain
for any sheaf S in Sh G (G 0 ). Since the right hand side is an exact functor in S we see that our complex (1) consists of projective objects in Sh G (G 0 ). It follows that Ext * Sh G (G 0 ) (Rϕ Y ! C, S) is equal to the homology
In order to deduce from that a formula for H * G,c (Y, X) we fix a c-soft resolution C ∼ −→ I · in Sh G (X). Put
We then have (2) H
Note that S(G σ ) G σ = S(G σ ) G σ because of the compactness of G σ . If we assume Y to be G-compact, i.e., the sets G\Y q to be finite we therefore may write
In particular, for G-compact Y , the formula (2) Γ c (X σ , I −· )
G .
In particular we see that, for G discrete and X = pt, our groups H − * G,! (|Y|, pt) coincide with the cosheaf homology groups H G * (|Y|, C) introduced in [BCH] 7.2. For the following construction let us make the technical assumption that G 0 is equal to the union of all compact open subgroups of G . This is certainly satisfied in all interesting applications. Let E := · H G/H denote the disjoint union of all coset spaces G/H for H a compact open subgroup of G and define E. to be the simplicial set of finite sequences in E. Its topological realization EG := |E.| is the space considered in [BC] App. 3 and [BCH] App. 1. We may apply our above discussion to the barycentric subdivision of E. By comparing the above formula (4) with the corresponding formula in [Sch] §4 we obtain the duality formula
providedX has finite c-cohomological dimension. Here the groups on the right hand side are the delocalized equivariant homology groups of X introduced in [Sch] §1.
C. Assume G to be finite and Y to be a finite abstract simplicial complex with a simplicial and type-preserving G-action. Using the same ideas as in A. and B. one easily shows that H system on the orbit category: To an orbit G/H corresponds the group of Cvalued class functions on H. For this reason our later results will contain as a special case the results of [Slo] .
D.
We finally come to the comparison with the equivariant cohomology groups H * (X, G) as defined in [BC] §12. In this section we always assume that G is discrete, that X is a paracompact C ∞ -manifold of some fixed dimension, and that the G-action on X is a C ∞ -action. ThenX again is a paracompact C ∞ -manifold on which G acts through a C ∞ -action. Let TX denote the tangent bundle overX. We recall that the groups in question are defined as the relative singular homology groups
here EG denotes, as usual, a fixed model for the universal free G-action. We claim that there is a canonical isomorphism
First of all we note that althoughX may have connected components of varying dimension those dimensions are bounded above by dim(X). It follows thatX has finite c-cohomological dimension so that we have our duality formula at our disposal. It therefore suffices to establish a canonical isomorphism
or rather, if we insert the definitions on both sides,
If we decomposeX as a disjoint union of G-equivariant equidimensional manifolds then both sides in the above formula decompose correspondingly. What we are after therefore is a consequence of the following more general and more precise claim. If d denotes the dimension of X then we have a canonical isomorphism
By the Thom isomorphism ( [Spa] p. 283, Ex. 6) applied to the vector bundle EG × G T X over EG × G X (because of our paracompactness assumption that vector bundle contains a sphere bundle and the bundle projection is a fibration) the right hand side can be expressed as the homology
On X we have a similar local system τ defined by
which actually is G-equivariant. If y is the G-orbit of the point (e, x) ∈ EG × X then there is the linear isomorphism
This can be expressed more invariantly as a homeomorphism
It induces a canonical isomorphism
If we denote, following [Spa] p. 281/282, by ∆(Y, γ) the singular chain complex of a local system γ on the space Y then the last isomorphism furthermore induces a natural isomorphism
here C × τ denotes the outer tensor product of the constant local system C on EG and the local system τ on X. Moreover the complex ∆(EG × X, C × τ ) consists of free C[G]-modules. (All this is a straightforward generalization of, e.g., [McL] IV.11.) The Künneth formula ( [Spa] p. 282, Ex. 8) gives a natural chain equivalence
But the space EG is contractible. It follows that ∆(X, τ ) and ∆(EG × X, C × τ ) are naturally quasi-isomorphic as complexes of G-modules. At this point we have expressed the right hand side of our claim
as the group hyperhomology of the complex of G-modules ∆(X, τ ). Integrating a form over a singular chain leads to a G-equivariant quasi-isomorphism
into the complex of global τ -valued currents with compact support on X viewed as a homological complex (compare [Rha] ).
On the other hand the left hand side of our claim is, by definition ([Sch] §1),
the group hyperhomology of the complex of global sections with compact support Γ c (X, I −· ) where C ∼ −→ I · is a resolution in Sh G (X) of the constant sheaf C on X with the property that all the sheaves I j are c-soft. By the Poincaré lemma ( [KS] 2.9.7) we may take the resolution C ∼ −→ Ω · X by the complex of germs of C ∞ -forms on X. Let us write Ω * c (X) := Γ c (X, Ω * X ). To arrive at our claim it remains to exhibit a G-equivariant quasi-isomorphism
But this is Poincaré duality: The map is given by
Let us assume in addition that the G-action on X is proper. Then also the G-action onX is proper so that G\X is a locally compact Hausdorff space. Combining the above discussion with [BC] 12.4 we obtain a canonical isomorphism
E. We finally come back to the case of a compact group G. Let Y be a G-space on which G acts through a finite quotient, i.e., such that there is an open normal subgroup H ⊆ G which acts trivially on Y . We then have the H-invariant decompositionŶ
It then is a consequence of base change that
as an H-equivariant sheaf.
To exploit this fact we consider an arbitrary G-space Z which is totally disconnected. Moreover, we let S be a G-equivariant sheaf on Z which is uniformly locally constant. By the latter we mean that there is an open subgroup U ⊆ G and a covering Z =˙ i Z i by pairwise disjoint U -invariant compact open subsets Z i such that each restriction S|Z i as an U -equivariant sheaf is constant, i.e., is isomorphic to the inverse image of a smooth U -module S i with respect to the map Z i → pt. For any other G-equivariant sheaf T on Z we then have
Since on a compact and totally disconnected space any sheaf is soft the section functors T −→ T (Z i ) are exact. Furthermore, since the category of smooth U -modules is semisimple the functors T −→ Hom C (S i , T (Z i )) U still are exact. Passing to the G-invariants on the right hand side actually amounts to passing to the invariants for an appropriate finite quotient of G which is exact again. Altogether it follows that the functor Hom Sh G (Z) (S, .) is exact on Sh G (Z). Let now S · be an arbitrary (possibly unbounded in both directions) complex of sheaves in Sh G (Z) all whose cohomology sheaves h * (S · ) are uniformly locally constant. By the above exactness result the identity map on h * (S · ) lifts to a map
is considered as a complex with zero differentials. Let T · be be any other complex in Sh G (Z) bounded below and let T · ∼ −→ I · be an injective resolution. We obtain
where the fourth identity again comes from the above exactness result.
In our initial situation this specializes to the following result. If G is compact, X is an arbitrary G-space, and Y is a G-space on which G acts through a finite quotient then we have
Because of this formula the bivariant Chern character which we will construct in section 3 generalizes the non-equivariant construction in [Mas] .
The cohomological Chern character for a profinite group G
In this section the group G always is compact. Initially we also assume the Gspace X to be compact. Given a G-equivariant vector bundle E −→ X (compare [Seg] §1) its pullback π * X E −→X is a G-equivariant vector bundle onX. A point in π * X E is a triple (e, g, x) where e ∈ E x , g ∈ G, and x ∈ X such that gx = x. It is straightforward to check that
is an automorphism of G-equivariant vector bundles. We claim that α has finite order. In order to see this we may assume, by [Seg] 2.4, that E is of the form E = X × V where V is a finite dimensional C-vector space with a continuous G-action and where the G-action on E is diagonal. Since the only compact and totally disconnected subgroups of the Lie group GL(V ) are the finite ones it follows that an appropriate open normal subgroup H ⊆ G acts trivially on V . We then clearly have α [G:H] = id. This allows us to view π * X E as a vector bundle onX which is equivariant for the profinite completionẐ Z of the infinite cyclic group Z Z; of course we let actẐ Z trivially on the spaceX. Moreover π * X E being also G-equivariant its class in K 0 Z Z (X) is fixed by the natural action of G on that group. Altogether we have constructed a natural map between equivariant
where R(Ẑ Z) denotes the representation ring of the groupẐ Z. Taking the trace of the element 1 ∈ Z Z on a representation ofẐ Z defines a ring homomorphism
G denote the composed map; the subscript C stands for tensoring by C.
Using the ordinary Chern character forX we define the equivariant Chern character ch :
by the commutativity of the following diagram
We now consider the case of a locally compact G-space X which is not compact. Let X + = X ∪ {+} denote the one-point compactification of X; it is a G-space if we let G act trivially on the point at infinity. Recall ( [Seg] §2) that the equivariant K 0 of X is defined as
On the other hand using [Seg] 2.9, resp. the relative cohomology sequence for cohomology with compact support, we have
Hence the above maps Π and ch for X + induce corresponding maps for X.
Proposition 1:
The map Π :
Proof: The G-space X is the projective limit of the G-spaces H\X where H runs through the open normal subgroups of G. CorrespondinglyX is the projective limit of the (H\X)ˆ. The continuity property of
Moreover by applying this reasoning directly toX we see that
Altogether this shows that it suffices to prove the assertion under the additional assumption that G acts on X through a finite quotient. This we will establish by induction with respect to the index of the subgroup
The map Π is the identity on the second factor and on the first factor is the map which associates to an irreducible G-representation its character. Hence Π is an isomorphism.
Let now X be an arbitrary locally compact G-space for which G X is of finite index in G. We fix a set P of representatives for the conjugacy classes of subgroups of G which contain G X . This set P is finite and is partially ordered by
For H ∈ P we put X(H) := {x ∈ X : H is the stabilizer of x} and
Since the stabilizer of a point increases under specialization these subsets are locally closed in X. More precisely we have
Applying excision ( [Seg] 2.9) to this finite stratification of X we are reduced to the case that
is a homeomorphism. Using the behaviour of K 0 G with respect to "induction"
which further reduces us to the N (H)-space X(H). If H is strictly bigger than G X we are done by the induction hypothesis. It therefore remains to settle the case where G/G X is a finite group which acts freely on X. In this situation X has an open G-invariant covering by subsets of the form G × G X Y where G X acts trivially on Y . Our assertion holds for those subsets by the same argument as above, then for finite unions of them by a Mayer-Vietoris argument ( [Seg] 2.9), and finally for X itself by another continuity argument ( [Seg] 2.12).
Corollary 2:
The equivariant Chern character
is an isomorphism.
Proof: This follows from the Proposition since the ordinary Chern character for the spaceX is known to be rationally an isomorphism ( [Kar] V.3.25).
The higher equivariant K-groups of a locally compact G-space X are defined
where, of course, the G-action on the factor IR q is trivial. Because of (X ×IR q )ˆ=
We therefore obtain the following general fact.
Proposition 3:
For any locally compact G-space X we have an equivariant Chern character isomorphism
G,c (pt, X) .
The bivariant Chern character for a profinite group G
We want to extend our cohomological Chern character of the previous section to the bivariant setting of equivariant Kasparov KK-theory KK G (Y, X). This will be achieved in the following context. The group G always is compact. For technical reasons originating in KK-theory we assume G to be second countable and the G-space X to be countable at infinity. On the other hand the G-space Y will be the topological realization Y = |Y| of a finite simplicial complex Y on which G is supposed to act simplicially and type-preserving through a finite quotient group.
Apart from an extension of the methods of the last section the following localization result will play a fundamental role in our construction.
Proposition 1:
Let h ∈ G be a central element and let p ⊆ R(G) denote the prime ideal in the representation ring R(G) of G which consists of all classes of representations with vanishing trace in h; the natural map
is an isomorphism after localization in p.
Proof: We actually will prove this result for an arbitrary σ-unital G-C * -algebra B (instead of X) in the second variable. By filtering Y by its skeleta and using the six term exact sequence in the first variable for KK G -theory ([Ka1] §5 Thm. 5 and Thm. 7, §7 Thm. 3) we are reduced to establish a corresponding assertion for the strata of Y . Such a stratum is a finite disjoint union of G-invariant subsets of the form G/U × ∆ where U ⊆ G is some open subgroup and ∆ is an open standard simplex; moreover, we have (
is an isomorphism. By Bott periodicity ([Ka1] §5 Thm. 7) this is the same as showing that
and nothing is to prove. Let us therefore assume, for the rest of the proof, that h ∈ U . Then (G/U ) h = ∅ and our claim amounts to the vanishing assertion
Letting C(G/U ) denote the C * -algebra of all functions on the finite set G/U we revert to the more traditional notation of using the algebra in both variables. Since B is arbitrary we in fact only have to establish that
Consider for this the composed map
where the left arrow is restriction of the group and the right arrow comes by contravariant functoriality from the homomorphism of algebras
By the functoriality of the Kasparov product this map ( * ) as a map between modules for the representation rings R(G) and R(U ), respectively, is compatible with the restriction map R(G) −→ R(U ). We claim that the composed map ( * ) is injective.
is the class of the Kasparov U -module (e 1 E, e 1 F |e 1 E) for (C, B) (compare the proof of [Ka2] Thm. 2.9.2). To see that the latter determines the class of (E, F ) we first note that by possibly changing (E, F ) within its class we may assume:
-F commutes with the C(G/U )-action. This can be seen as follows: The idempotents ((g(e 1 )) g∈G/U in C(G/U ) decompose E. Express F as an operator valued matrix in this decomposition. The requirement that F commutes with the C(G/U )-action at least up to compact operators then implies that the offdiagonal entries of this matrix are compact operators. Hence we may modify F by a compact operator to make it truly commute with the C(G/U )-action.
-F is G-equivariant (by averaging over the compact group G if necessary).
Under these additional assumptions it is straightforward to see that (E, F ) can be reconstructed by inducing (e 1 E, F |e 1 E) from U to G, and similarly for homotopies. For purposes of later proofs we emphasize that this argument in fact shows that the map ( * ) is bijective.
Let now n denote the kernel of the restriction map R(G) −→ R(U ). The injectivity of ( * ) implies that n annihilates KK This can be done after replacing G and U by the finite groups G/H and U/H, respectively, for some open normal subgroup H ⊆ G contained in U . Since hH is central in G/H and is not contained in U/H it then is a consequence of [Se2] Prop. 3.7(iv) and [Seg] first paragraph on p.144 (the "support" of p is the cyclic subgroup < hH > which is not conjugate to any subgroup of U/H).
The stratification argument which appeared in the above proof is a fundamental tool which we will use again in all of the subsequent proofs (without repeating each time the details). We need two more properties of KK G -theory. The following result holds in greater generality but, for simplicity, we indicate the argument only in the setting in which we need it.
Proposition 2:
Let another second countable profinite group Γ act trivially on Y and X; the Kasparov product map
Proof: By exactly the same stratification technique as in the proof of Prop. 1 the assertion reduces to the special case
The usual standard argument moreover reduces us to the case where X is compact and where * = 0. This then is proved by an immediate generalization of the argument in [Seg] Prop. 2.2.
Proposition 3:
If X is compact then the natural map
where H runs over all open normal subgroups in G which act trivially on Y is an isomorphism.
Proof: By the stratification technique this reduces to the continuity property of equivariant K-theory in [Seg] Remark after 2.11. Formally loc. cit. establishes the isomorphism lim
But the decomposition argument in the proof of [Seg] 2.2 shows that for any G-equivariant vector bundle E on H\X there is a smaller open normal subgroup H ⊆ H in G which acts trivially on E. Hence in the left hand limit term we my replace G by G/H.
We finally need the following construction. Let Y be any second countable G-space. By functoriality the group G acts on the non-equivariant groups KK * (Y , X). It is straightforward from the definitions that the forgetful map induces a map
The Kasparov product, furthermore, induces a map
which by functoriality is G-equivariant. Together we therefore have the natural
The main result in this section is the following "universal coefficient formula".
Proposition 4:
There is a natural isomorphism
Proof: We first assume G to be finite. For the moment being let h ∈ G be a fixed element, denote its centralizer by Z(h), and let p(h) be the prime ideal in R(Z(h)) of all representations with vanishing trace in h. In the following chain of maps
the first comes by functoriality, the second is the natural map into the localization, and the third is the inverse of the isomorphism in Prop. 1. We will combine this one with a second chain
Here the first map comes by functoriality from the homomorphism of groupŝ
the second identity is the isomorphism in Prop. 2 (we, of course, letẐ Z act trivially on Y h and X h ), and the third map is the tensor product of taking the trace in 1 ∈Ẑ Z and the map γ explained after Prop. 3. As far as the action of the corresponding representation rings is concerned this chain is compatible with the analogous chain of homomorphisms of rings
(the first map comes from the above homomorphism of groups, and the last map is the tensor product of taking the traces in 1 ∈Ẑ Z and in the unit element e ∈ G, respectively). We immediately notice that the composite of this latter chain is the ring homomorphism
of taking the trace in h. Hence the composite of the previous chain extends to a map on the localization
Since the K-theory of the finite simplicial complex Y h is finitely generated the Hom-functor in the right hand term commutes with the complexification. Combining this with our first chain above we obtain a natural map
By naturality we have
for any g ∈ G .
Hence the maps γ h for h varying in one conjugacy class O of G combine into a map
Finally, these maps γ O for O running over the finitely many conjugacy classes of G together form the natural map
we are looking for (if G is finite). That this map indeed is an isomorphism is easily derived, using the stratification technique, from Prop. 2.1. Now let G be arbitrary (profinite) but assume X to be compact. Fix an open normal subgroup N ⊆ G which acts trivially on Y . From the finite group case we obtain, for any open normal subgroup H ⊆ G which is contained in N , the isomorphism
where the superscript "G/H" on the right hand side indicates that the space (.)ˆis formed with respect to the action of G/H. The right hand term is equal to
where (H\X)ˆg N/H is the preimage under the projection map of gN/H in (H\X)ˆG /H . We now pass to the direct limit with respect to H. On the left hand side of the map we obtain KK * G (Y, X) C by Prop. 3. Since the Ktheory of the finite simplicial complexes Y g is finitely generated we may, on the right hand side, move the direct limit into the Hom-functor. But because of ρ −1
by the continuity property of K-theory. Hence we obtain an isomorphism
Using the Künneth theorem in K-theory ([Atiy] 2.7.15) we compute the target as
(For the sake of clarity we point out that, since G is second countable, the group K 0 (gN ) of integer valued locally constant functions on gN is free abelian.)
Finally, the general case of a locally compact X follows from the compact case by the usual argument with the one-point compactification.
In the isomorphism in Prop. 4 the left hand side is acted upon by the complexified representation ring R(G) C . The right hand side carries an obvious action by the ring Cl ∞ (G) of locally constant class functions which is a subring of Γ(G, C) fixed by the adjoint action of G. Taking traces induces an isomorphism of rings
The above proof actually shows that by identifiying the two rings in this way the isomorphism in Prop. 4 becomes an isomorphism of modules over these rings.
Corollary 5:
There is a natural Chern character isomorphism
Proof: By combining Prop. 4 with the ordinary Chern character isomorphism we obtain a natural isomorphism
which has to be understood in the Z Z/2Z Z-graded sense, of course. The right hand side is equal to
Since the cohomology ofŶ is finitely generated over the ring Γ(G, C) ( to see this use a decomposition of the form
where N ⊆ G is some open subgroup acting trivially on Y ) the second direct sum commutes with the Hom-functor so that our right hand term becomes
which according to the last formula in section 1.E is the same as ⊕ j∈Z Z H * +2j
G,c (Y, X).
Representability of bivariant cohomology
In this final section we will complement the discussion of our bivariant cohomology theory by showing that it has a homotopy theoretic description. Elaborating on [Hub] we begin by expressing the cohomology of the constant sheaf on a space in a functorial way as the homotopy of a certain spectrum of mapping spaces.
For any two Hausdorff spaces X and Y we let Map(X, Y ) be the space of all continuous maps from X to Y equipped with the compact-open topology; it is Hausdorff again. If Y is pointed then Map(X, Y ) is pointed by the constant map from X to the distinguished point of Y . If Y is a topological abelian group then Map(X, Y ) in a natural way is a topological abelian group, too. Clearly
is a presheaf of topological spaces on X.
Lemma 1:
If X is locally compact then Map(., Y ) is a sheaf.
Proof: The assertion says that whenever U and U i , for i ∈ I, are open subsets in X such that U = i∈I U i then the commutative diagram of restriction maps
is a cartesian diagram of topological spaces. For trivial reasons it is cartesian as a diagram of sets. Hence it suffices to show that the injective and continuous restriction map
actually is a homeomorphism onto its image. Let A ⊆ U be a compact and V ⊆ Y be an open subset and consider the open subset M (A, V ) := {f ∈ Map(U, Y ) : f (A) ⊆ V } in the left hand side. We find finitely many indices i 1 , . . . , i n ∈ I such that A ⊆ U i 1 ∪ . . . ∪ U i n . For any point x ∈ A choose a compact neighbourhood W x of x in some U i ν . Finitely many of those W x cover A. Grouping those together appropriately we find compact subsets Both maps are continuous satisfying ev x • con = id Y .
Lemma 2:
Assume that -X is locally compact and -the diagonal in Y × Y is a deformation retract of one of its open neighbourhoods; then con • ev x is homotopic to the identity. 
is a fibration ([Spa] 2.8.3); over the diagonal ∆ it has the obvious section s ∆ which maps a point y ∈ Y to the constant path with value y. Applying now the homotopy lifting property of a fibration to the diagram
we obtain a continuous map s : 
in the following way. Given a f ∈ Map(U, Y ) let U (f x) := {x ∈ U : (f (x), f (x )) ∈ W }; this is a possibly smaller open neighbourhood of x such that
is a well defined continuous map for any t ∈ [0, 1]. We put K(t, f ) := f t . By construction we have K(1, .) = id and K(0, .) = con • ev x . It therefore remains to show that K is continuous. For this we consider the subspace
We want to show that the obvious continuous map
is a homeomorphism. An inverse map is given by associating with f ∈ Map(U,
To see that the so defined map is continuous consider a net {f i } i∈I in Map(U, Y ) which converges to f ∈ Map(U, Y ). By making the open neighbourhood U of x smaller and by passing to a subset we have to achieve that the net {f i } as well as its limit f lie in Map # (U, Y ). By a first shrinking of U we may assume that U = U (f x). Next we choose an open neighbourhood V of f (x) in Y such that V × V ⊆ W . By a further shrinking we may assume that f (U ) ⊆ V . Now we let A be a compact neighbourhood of x in U . Then M (A, V ) is an open neighbourhood of f in Map(U, Y ) and hence contains a subnet of {f i }. If we finally replace U by the interior of A then f as well as that subnet lie in Map # (U, Y ).
Using that homeomorphism the continuity of K reduces to the continuity of the map
which is the composite of the two obviously continuous maps
and the third map
where j is the restriction to subspaces of the continuous map
Proposition 3:
It X is locally compact and Y is the topological realization of a countable simplicial set then the map
is a homotopy equivalence for any x ∈ X.
Proof: The countability assumption guarantuees that Y × Y with the product topology is the topological realization of the corresponding product of simplicial sets ([LW] II.5.2 and III.5.2). The diagonal in Y × Y then (as the realization of the simplicial set diagonal) is a subcomplex of a CW-complex and hence a (strong) deformation retract of some open neighbourhood ([LW] II.6.1).
The assertion therefore is a special case of the previous lemma.
We will actually need a variant of the latter fact.
Corollary 4:
Under the same assumptions as in the previous proposition the natural maps between homotopy sets
are bijections for any x ∈ X and any n ≥ 0.
Proof: According to Prop. 3 the composed map is a bijection. Hence it suffices to show that the first map is surjective. Fix an open neighbourhood U of x and a pointed continuous map F : S n −→ Map(U, Y ) from the n-sphere S n into Map(U, Y ). Equivalently we may view F as a map f ∈ Map(U, Map * (S n , Y )); here Map * (S n , Y ) ⊆ Map(S n , Y ) denotes the subspace of base point preserving maps. Since Y satisfies the second assumption of Lemma 2 so also does Map * (S n , Y ): One easily checks that if Y is a strong deformation retract of 
Lemma 5:
If X is locally compact and Y is contractible as well as a topological abelian group then the sheaf Map d (., Y ) of abelian groups on X which underlies Map(., Y ) is c-soft.
Proof: Since any compact subset of X has a fundamental system of compact neighbourhoods this is the same argument as in the proof of [Hub] 3.2.
We now will use these "mapping sheaves" to construct an explicit resolution of the in both directions unbounded complex of sheaves
on X which has the constant sheaf Q X , resp. the zero sheaf, in every even, resp. odd, degree. If X = pt is a point then Q per pt is a complex of Q-vector spaces and we simply write Q per := Q per pt . Applying the Dold-Kan functor we obtain the spectrum of simplicial abelian sheaves DK(Q per X ) on X as well as the spectrum of countable simplicial abelian groups DK(Q per ). The topological realization |DK(Q per X )| of the former is a presheaf of spectra of pointed topological spaces on X. The topological realization |DK(Q per )| of the latter is a spectrum of topological abelian groups.
At this point we should say that for us a spectrum Z of pointed topological spaces is a collection of pointed Hausdorff spaces Z 0 , Z 1 , . . . , Z n , . . . together with pointed continuous maps SZ n −→ Z n+1 (or equivalently, by adjunction, Z n −→ ΩZ n+1 ) for any n ≥ 0. Here S and Ω denote the suspension and loop space functor on pointed spaces, respectively. Assume that each Z n is a topological abelian group (viewed as pointed by the zero element). Then the ΩZ n in a natural way are topological abelian groups, too, and Z is called a spectrum of topological abelian groups if the maps Z n −→ ΩZ n+1 are group homomorphisms. Concerning maps f : Z −→ Z between spectra we adopt the naive point of view that f is a collection of pointed continuous maps f n : Z n −→ Z n such that the diagrams
are commutative for any n ≥ 0. Moreover f is called a weak equivalence if each f n is one.
Note that if X is a locally compact and Y an arbitrary Hausdorff space then the obvious map
is a homeomorphism. This allows us to define, for any locally compact space X and any spectrum Z, the function spectrum Map(X, Z) by Map(X, Z) n := Map(X, Z n ) with the maps Map(X, Z n ) −→ Ω Map(X, Z n+1 ) arising from composition with the map Z n −→ ΩZ n+1 . The homotopy groups of the function spectrum are
Here, [., .] * stands for the pointed homotopy classes of maps between two pointed spaces. If Z is a spectrum of topological abelian groups so, too, is Map(X, Z).
For the convenience of the reader we will recall in an appendix to this section the details about the Dold-Kan correspondence.
For the rest of this section let X be a fixed locally compact space. From the spectrum |DK(Q per )| we obtain the presheaf of spectra of pointed topological spaces (in fact topological abelian groups) on X given by
The basis of our construction is the existence of a natural map
whose definition is very simple. To begin let us fix an open subset U ⊆ X.
Recall that the space of sections Q X (U ) is the space of locally constant Qvalued functions on U . Hence for any point x ∈ U evaluating a function at x defines a homomorphism of complexes ev x : Q per X (U ) −→ Q per . By functoriality we obtain from this the maps
for any n ≥ 0. We claim that ε n U is continuous. Using the definition of the topological realization of a simplicial set (as well as the fact that U is locally compact) this reduces to the statement that the maps
are continuous where the subscript m indicates the set of m-simplices in the respective simplicial set equipped with the discrete topology. The definition of the functor DK tells us that the set (or rather group) of m-simplices of the simplicial abelian groups under consideration is given as a certain finite direct sum of copies of Q X (U ) and Q, respectively. Hence we are reduced to the continuity of the evaluation pairing Q X (U ) × U −→ Q which is trivial.
This establishes our claim and shows that ε n U induces a pointed continuous map
It is clear that these maps combine into a map ε of presheaves of spectra.
Lemma 6:
The map ε :
is stalkwise a weak equivalence of spectra of topological spaces.
)| (compare the appendix). The functor |.| of topological realization as a left adjoint as well as the functor DK as a category equivalence commute with inductive limits. Moreover the filtered inductive limit of abelian groups coincides with the inductive limit of the underlying sets. Hence the stalks on the left hand side can be computed as follows: -If Y is a topological abelian group then SinY is a simplicial abelian group.
-There is a natural isomorphism Sin(ΩY ) ∼ = ω(SinY ) (corresponding under adjunction to the isomorphism |ΣS.| ∼ = S|S.| in the appendix).
This allows us to define, for any spectrum of topological abelian groups Z, the spectrum of simplicial abelian groups SinZ := (SinZ n ) n in the sense that the structure maps of the spectrum SinZ n −→ ω(SinZ n+1 ) are not required to be isomorphisms (as we do in the appendix below). Nevertheless the normalization functor still makes sense and produces a complex N (SinZ) of abelian groups with the property that π * (Z) = h * (N (SinZ)) .
Hence, by applying adjunction and normalization sectionwise, we obtain from ε a homomorphism of complexes of presheaves of Q-vector spaces
on X. The left hand side, of course, is a complex of sheaves. Concerning the right hand side note first of all that Map(U, |DK(Q per )| n ) is a topological abelian group and is, with varying U , a sheaf according to Lemma 1. It easily follows that Sin Map(., |DK(Q per )| n ) actually is a simplicial sheaf and that consequently N (Sin Map(., |DK(Q per )| n )) is a complex of sheaves on X. Since an inductive limit of sheaves cannot be performed sectionwise we define
(HR stands for "homotopical resolution") and obtain from ε the homomorphism of complexes of sheaves of Q-vector spaces res :
on X.
Remark 7:
Passing to global sections on a compact space commutes with inductive limits of sheaves. We therefore have
provided X is compact.
Lemma 8:
res is a quasi-isomorphism.
Proof: Applying Cor. 4 we obtain
Lemma 9:
The complex HR(Q per X ) consists of c-soft sheaves. Proof: For the r-th sheaf in the complex HR(Q per X ) we have the formula
where Λ m ⊆ ∆ m denotes the subcomplex generated by all except the last codimension 1 faces. The quotient ∆ m /Λ m is contractible as a pointed space. It easily follows that Map * (∆ m /Λ m , Y ) is contractible for any pointed Hausdorff space Y . Hence Lemma 5 implies that HR(Q per X ) is an inductive limit of c-soft sheaves and therefore is c-soft.
Let t ≤n D., resp. s ≤n D., be the truncation functor on complexes which is defined by
with degrees unchanged. They are related by the exact sequence
The functor t ≤n preserves quasi-isomorphisms. The complexes s ≤n D. for n ≥ 0 form an inductive system whose limit is D. .
We are interested here in the inductive system of homomorphisms of complexes
for n ≥ 0. The cohomology of the left hand side clearly is equal to
(We stick to the convention that hypercohomology is a functor on cohomological complexes. This means that we silently change the indexing of our complexes from the lower to the upper indexing before we take hypercohomology!) By Lemma 9 the right hand side is a complex of c-soft sheaves which in cohomological indexing is bounded below. Hence its cohomology, for * > −n, is
In the limit with respect to n we therefore obtain a natural map
which for a compact space X, by Remark 7, can be seen as a natural map
Proposition 10:
If X is compact then the map
Proof: For the complex Q per X the two truncations t ≤n Q per X and s ≤n Q per X coincide. We therefore have the commutative exact diagram
By Lemma 8, t ≤n res is a quasi-isomorphism and hence induces an isomorphism in cohomology. This means that in cohomology we have isomorphisms
It remains to show that in the limit with respect to n the first summand on the left hand side disappears. First of all we note that because of Lemma 9 we have
provided * +n > 0. Next we decompose the whole complex HR(Q 
which we claim is an isomorphism. For this we compare the stalks in each degree; fix a degree r ∈ Z Z and a point x ∈ X. Similarly as in the proof of Lemma 9 the stalk of the sheaf HR(Q per X ) r in x is given by
where U +r := (∆ +r /Λ +r × U )/( * × U ). Correspondingly the stalk in x in degree r of the left hand side is equal to
implies, by the basic properties of the functors involved (which we have used already repeatedly), the identity
Since U contains a compact neighbourhood of x any continuous map from U +r into the inductive limit on the right hand side has, after shrinking U , its image already in some finite product With the above isomorphism established, we obtain the decomposition
denotes the boundary map in the complex HR(Q X [m]). Since X is compact we therefore are reduced to showing that lim
for each m ∈ Z Z. In fact we will show that the sheaf ker(d
Using Lemma 5 we see that it is sufficient to check that the space Ω +n |DK (Q[m − ])| is contractible for n > −m > − . By its very construction |DK(Q[m − ])| is a CW-complex as well as a K(Q, − m)-space (for > m). Its ( + n)-fold loop space, for n > −m, therefore has vanishing homotopy groups.
Since, according to [Mil] , the loop space functor respects the category of spaces which have the homotopy type of a CW-complex we may apply the Whitehead theorem and deduce the contractibility we wanted.
For the rest of this section we assume that the locally compact space X is a G-space for the locally compact and totally disconnected group G. We need to know that the results established so far hold true in an equivariant way. This actually requires a modification of our homotopical resolution for the following reason. The naturality of this resolution of course implies that Q smooth is c-soft. (Here we use that any compact subset of X has a fundamental system of open neighbourhoods U each of which is invariant under some compact open subgroup H ⊆ G. The argument in [Hub] 3.2 then has to be carried out on an appropriate quotient H\U .)
In order to state the equivariant version of Cor. 4 we need further notations. An equivariant neighbourhood of a point x ∈ X is a pair (U, H) consisting of an open neighbourhood U ⊆ X of x and an open subgroup H ⊆ G such that U is H-invariant. The set U(x) of all equivariant neighbourhoods is a directed set with respect to the partial order
For any (U, H) ∈ U(x) we have the subspace Map(U, Y )
H of H-invariant maps in Map(U, Y ). There is an obvious continuous bijection
Lemma 11:
Let Y be the topological realization of a countable simplicial set; then the natural maps π n (Y, * )
Proof: According to B) the composed map is a bijection. Hence it suffices to show that the first map is surjective. Fix an equivariant neighbourhood (U, H) of x and a pointed continuous map F :
with V := U (f x) which we used in the proof of Cor. 4 was of the form
for an appropriate continuous mapH :
. This shows that all the continuous maps L(t) have the "same" invariance properties with respect to the H-action as f does. More precisely, if (U , H ) is an equivariant neighbourhood of x such that (U, H) ≤ (U , H ) and U ⊆ V then L(t)|U is H -invariant for any t ∈ [0, 1]. Therefore L can be viewed as a pointed homotopy between
We have Map(U, ΩY ) smooth ⊆ Ω Map(U, Y ) smooth . Hence if Z is a spectrum of pointed topological spaces then Map(U, Z) smooth := (Map(U, Z n ) smooth ) n is a subspectrum of Map(U, Z). In this way we obtain in particular the subpresheaf Map(., |DK(Q per )|) smooth of Map(., |DK(Q per )|). The above discussion of the continuity of our map ε shows that ε factorizes through a map
Lemma 12:
The complex HR(Q per X ) smooth consists of c-soft sheaves.
Proof: As noted already in the proof of Lemma 9 we have
The transition maps of the first inductive system come from the maps
which are induced by the structure maps Z n −→ ΩZ n+1 of the spectrum Z n := |DK(Q per )| n . As explained in the appendix these latter structure maps and consequently the transition maps are injective. This implies that the functor (.) smooth commutes with this inductive limit. We obtain
Therefore, by C),
smooth r is c-soft as an inductive limit of c-soft sheaves.
Lemma 13:
res smooth is a quasi-isomorphism.
Proof: Using again the abbreviation Z n := |DK(Q per )| n we compute
The first identity in the last line is a consequence of Lemma 11.
Clearly, for any spectrum Z of pointed topological spaces,
is a subspectrum of Map(X, Z) smooth . Using the fact that the transition maps of the inductive system which defines HR(Q per X ) are injective the computation in Remark 7 gives the following fact. D) For a compact space X we have
Proposition 14:
If G and X are compact then the map res smooth induces isomorphisms
Proof: Since the functor (.) ∞ is left exact and commutes with arbitrary direct sums we can argue, using C), exactly as in the proof of Prop. 10 and obtain the isomorphism
We then pass to G-fixed vectors which, by the compactness of G, is exact. Together with D) this gives the first isomorphism in the assertion. The second one is obtained from the first one (forX) by passing to the tensor product with C and using
This last result should be compared with the Atiyah-Segal-Jänich theorem ( [Ati] , [Se3] , [Jän] ) which says that, for compact G and X, we have
where K is an appropriate version of the K-theory spectrum of the point. One can in fact show that the cohomological Chern character in section 2 lifts to a "stable" map of spectra
The careful reader must have noticed that in section 2 we took C as the field of coefficients since we needed the roots of unity in it whereas in the present section we worked over Q because we needed the field of coefficients to be countable. One way to reconcile these two requirements is to always work over the fieldQ arising by adjoining all roots of unity to Q.
Appendix: The Dold-Kan correspondence
Let A be an abelian category. By a complex, resp. a chain complex, in A we mean an in both directions unbounded complex, resp. a complex concentrated in nonnegative degrees, of homological type in A. There are quasi-inverse equivalences of categories given by the normalization functor N and the Dold-Kan functor DK as described, for example, in [Wei] 8.4 (DK there is called K). If A. is a simplicial object in A then the m-th object N (A.) m of the chain complex N (A.) is given as the simultaneous kernel of all but the last face map from A m ; the last face map becomes the differential of the complex. All we need to know about the functor DK is that, for any chain complex C., the m-th object DK(C.) m in the simplicial object DK(C.) is a finite direct sum of objects C k for k ≤ m. Any additive functor between abelian categories induces functors on both sides of the above equivalence which are compatible with N and DK.
We are mainly interested in two kinds of abelian categories. One is the category of Q-vector spaces (or K-vector spaces for some fixed countable field K). Any simplicial Q-vector space A. in particular is a pointed (by the trivial vector space) simplicial set; its topological realization
(where ∼ is a certain equivalence relation) is a pointed Hausdorff space. One has the natural isomorphisms π * (|A.|) = h * (N A.)
and, for any chain complex of Q-vector spaces C. , On the other hand let S. be a pointed simplicial set. We define a new simplicial set ωS. by (ωS) m := {s ∈ S m+1 : d 0 = pt, d 1 . . . d m+1 = pt} with the face and degeneracy maps induced by those of S. omitting the 0-th ones. This is the "small" loop space functor on pointed simplicial sets. It is clear from the definition that this functor respects simplicial Q-vector spaces and that it can be defined correspondingly on simplicial objects in the abelian category A.
Similarly to the case of chain complexes we have the obvious notions of an ω-spectrum of pointed simplicial sets and of an ω-spectrum of simplicial objects in A. Since the normalization functor N (and hence the functor DK) clearly is compatible with the functors ω on both sides the Dold-Kan correspondence extends to an equivalence of categories The functor ω on pointed simplicial sets has a left adjoint Σ called the Kan suspension (compare [Kan] §2 and [Jar] §4.4). According to [Kan] 2.3 there is a natural isomorphism |ΣS.| ∼ = S|S.| .
Hence any ω-spectrum of pointed simplicial sets (S.
(n) ) n has a topological realization |(S. 
